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With the embodimentof Dugdale’s plastic zone model (Dugdale,D. S., “Yielding ofSteel Sheets ContainingSlits,”
Journal of Mechanics and Physics of Solids, Vol. 8, No. 2, 1960, pp. 100–104) and Swift’s link-up criterion (Swift, T.,
“Damage Tolerance Capability,” Fatigue of Aircraft Materials, Delft Univ. Press, Delft, The Netherlands, 1992,
pp. 351–387), an alternating iteration method is used for solving multiple-site damage (MSD) cracking problems.
The crack tip opening displacement at the main crack tip is also suggested to assess ligament failure scenarios
for different MSD panels under their corresponding link-up stresses. Predictions of multiple-crack link-up can be
obtained to give reasonable agreement with published experimental data.

Introduction

A FTER the Aloha Airlines accident1 in April 1988, the signif-
icant impact of multiple-site damage (MSD) became a great

concern. A uniform stress � eld prevails in the fuselage structure
and the MSD cracks generally emanate from several adjacent and
collinear rivet holes in the longitudinal fuselage skin splice. The
fracture characteristics of MSD are signi� cantly different from the
characteristicsof a single-site crack. The different failure scenarios
for a lead crack and neighboringsmaller MSD cracks, as discussed
by Schijve,2 show that small MSD cracks can signi� cantly reduce
the failure load for unstable crack extension. The sudden coales-
cence of MSD may lead to a single critical crack that can cause
catastrophic failure of a fuselage structure. Therefore, the under-
standing of complex MSD failure scenarios are crucial for fail-safe
structural design. In addition, this can also provide for the preven-
tion of catastrophic consequences resulting from inadequate MSD
crack arresting methods.

The fuselages of many airplanes are constructedof thin 2024-T3
Alclad sheetswith thicknessrangingfrom0.8 to 2 mm. The ductility
of the 2024-T3 material will result in large-scale plastic deforma-
tion at the crack tips. Unless depiction of the interaction between
the plastic zones of adjacent cracks can be drawn, recognition of
MSD fracturesand failure scenarios can not be fully clear. The con-
ventional stress intensity factor, which results from the small scale
yielding assumption, is restricted in the application of fracture of
ductile materials. Therefore, failure criteria based on local crack tip
deformation characteristics (i.e., crack tip opening angle3 (CTOA)
and T ¤ integrals4 ) were employed to predict the MSD failure sce-
nario of thin sheet structure. The predictions are promising, but
extensive and tedious calculations must be utilized. Thus, an en-
gineering approach using the failure criterion of crack tip opening
displacement (CTOD) and plastic zone coalescence is proposed to
determinethe failure scenariofor a multiple-crackedsheetstructure.
Dugdale’s plastic zone correction5 is employed in the calculationof
multiple crack interaction.

In this paper, symmetricMSD with a leadingcrack is evaluatedby
an alternating technique.Multiple cracks’ stress re� ections are also
included in the examination. The alternating iteration process can
reach accurate stresspatterns around multiple-cracktips. Moreover,
the yield strip sizes forwardof crack tips are concurrentlycalculated
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in the iterative process by their approaching the condition of van-
ishing stress intensity factors at Dugdale crack tips. Swift’s intuitive
model6 proposes that two cracks are linked up as the adjacent plas-
tic zones coalesce. The rupture of MSD cracks may initiate in two
possibleways: rupture from the leading crack tip directly,or link-up
between the lead crack and neighboring small MSD crack � rst and
then a rupture emanating from the absorbed crack tip. The crack
absorption, however, may be in a stable or unstable process. The
critical value of CTOD at the physical crack tip under the link-up
load is employed herein to assess the stability process for MSD
cracking.The availabilityof using CTOD to predict the type of fail-
ure is examined with published experimental data.7 Accordingly,
the failure scenario for MSD thin sheet structures can be predicted.

Results of the Flat Panels
The residualstrengthsof � at MSD panelswere analyzedbyBroek

et al.7 The 2024-T3 thin � at panels were monotonically loaded in
the uniaxial direction, where the panel width is 508 mm, length is
1016 mm, and thickness is 1 mm. Three panels (P1, P2, and P3)
have a single crack, and nine panels possess a central leading crack
accompanied by neighboring small MSD cracks. The MSD cracks
are collinearlyalignedwith the leading crack.The crackingpatterns
for these twelve � at panels are presented in Fig. 1, because all the
small MSD are symmetric with the central leading crack, such that
only half of the cracked con� gurations are shown. Figure 1 also
lists the stresses at link up and at rupture.Results indicate that some
panel failures and link up may occur simultaneously. F denotes this
MSD failure in Fig. 1. However, in some cases, no crack rupture
was observed under the link-up load. A so-called crack absorption
(A in Fig. 1) was used herein to specify such MSD status. Cracks
are temporarily arrested during crack absorption, and an additional
increase of the load is necessary to induce panel failure. Results
indicate that a signi� cant strength loss may occur for differentMSD
con� gurations. Note how profusely the MSD cracks can affect the
leading crack. Failure scenarios are subjected to be alternated, that
is, direct MSD panel rupture or MSD crack absorption, depending
on differentMSD con� gurations.The behaviorof the leading crack
with MSD must be clari� ed because this type of damage is widely
experiencedin theaircraftindustry.In addition,clari� cationofMSD
failuremodes will enhanceworldwideaircraft inspectionprograms.

Computation for MSD Cracks
Strip Yield Model

A strip yield model accounting for the spreading of plasticity
ahead of the crack tip, in plane stress condition of a thin sheet,
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had been introduced by Dugdale.5 This model assumes the ma-
terial follows elastic, perfectly plastic behavior that obeys Tresca
yield criterion. The plastic zones of Dugdale cracks are assumed
to be a type of cross-slip mode on planes that subtend 45 deg to
the plane of the sheet. The plastic zone size of a typical Dugdale
crack is calculated by treating the real crack length along with an
unknown adjacent plastic zone as an elastic crack. In the examina-
tion of crack interaction, the Dugdale strip yield model is employed
in numerical calculations. Figure 2 shows the Dugdale yield model
for three symmetric collinear cracks under a uniform remote stress
r 1 . Three symmetric collinear aligned cracks have leading crack
lengths of 2aM and two neighboringMSD of 2aS , respectively.The
original multiple crack problem is decomposed into two subprob-
lems by extendingDugdale’s strip yieldmodel. r ys denotes the yield
strength of the material. q M , q S1 , and q S2 are undetermined plas-
tic zones ahead of real cracks. The arti� cial elastic crack is loaded
remotely by a uniform stress and a set of yielding strengths acting
uniformly along the plastic zones. The half-lengths of cracks are

cM = aM + q M (1)

cS = (2aS + q S1 + q S2) /2 (2)

In the iterativecalculationmentionedhereafter, the undetermined
plastic damage zones (q M , q S1 , and q S2) are preassumed in a trial-

Fig. 1 Con� gurations of test panels in Ref. 7.

Fig. 2 Dugdale’s5 strip yielding model for three symmetric collinear cracks.

and-error sense. The problem is then solved with the Dugdale ap-
proach.The stress intensity factors at arti� cial crack tips in Figs. 2b
and 2c must be equal in magnitude for the correspondingcrack tips.
For the symmetric condition displayed in Fig. 3, only the stress
intensity factors at the arti� cial crack tips 1, 2, and 3 need to be
evaluated. In Fig. 2b, the stress intensity factors at the leading crack
and neighboring small cracks are, for crack tip 1

K (1)
I r 1 = r 1 p

p cM f1(cM , cS , d) (3)

for crack tip 2

K (2)
I r 1 = r 1 p

p cS f2(cM , cS , d) (4)

and for crack tip 3

K (3)
I r 1 = r 1 p

p cS f3(cM , cS , d) (5)

Those for Fig. 2c are, for crack tip 1

K (1)
I r ys

= r ys
p

p cM g1(aM , aS , q M , q S1 , q S2 , d) (6)

for crack tip 2

K (2)
I r ys

= r ys
p

p cSg2(aM , aS , q M , q S1 , q S2, d) (7)

for crack tip 3

K (3)
I r ys

= r ys
p

p cSg3(aM , aS , q M , q S1 , q S2, d) (8)

where fi and gi are numerically de� ned functions. In Dugdale’s
approach,5 the stress intensity factors at crack tips 1, 2, and 3
in Figs. 2b and 2c must be equal in magnitude, that is, K (1)

I r 1 = K (1)
I r ys

,
K (2)

I r 1 = K (2)
I r ys

, and K (3)
I r 1 = K (3)

I r ys
. This leads to

g1 / f1 = g2 / f2 = g3 / f3 = r 1 r ys (9)

Eq. (9) serves as checking criteria for the preassumed values of the
Dugdale plastic damage zones q M , q S1, and q S2 in the alternating
iteration process discussed hereafter.

Fig. 3 Schematic representation of Swift’s6 intuitive model.
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Alternating Iteration Method

Two subproblemsof Figs. 2b and 2c are solved individuallyusing
the method of alternating iteration8,9 to free their own crack surface
traction. In each loading system, stress distributions on the imagi-
nary position of cracks are calculated by using respective Wester-
gaard stress functions (see Ref. 10). Whereas only one crack exists
in the calculation, the remaining cracks are considered imaginary
cracks. For numerical convenience,constant tractionson imaginary
positionsare averaged along each crack length. Distributedstresses
shed on the domain are, thus, derived approximately from these
constant tractions. The stress � eld with negative traction on each
imaginary crack is then imposed onto the existing stress � eld to
free crack surface traction. In doing so, new image traction may
be introduced to the once image-traction-freecrack. These residual
image tractionsare successivelyreducedby the repeatedalternating
iteration.A similar process is repeateduntil the residual image trac-
tion on all three cracks approach zero simultaneously. There is an
obviousadvantage to this iteration method, in which the interaction
effect between cracks has been particularly considered. The imagi-
nary traction on the free surfaces of a prospective crack could then
be imposed in every iteration cycle. Therefore, the kth increment of
stress intensity factors at an arti� cial crack tip [D K k

I (§c j )] owing
to mutual crack interactioncan be integrated from the concentrated
force results provided in Ref. 10 and displayed in Eq. (10):

D K k
I (§c j ) =

1
p

p c j

c j

¡ c j

pk
j ( n j )

c j § n j

c j ¨ n j
dn j j = M , S

(10)

where pk
j ( n j ) is the image stress function distributed along the

c j crack in the kth iteration. Stress intensity factor solutions are
employed in the plastic zone verifying procedure as mentioned in
Eq. (9). Hence, assumed plasticzonesaheadof each crack tip can be
assured. In addition, the increment for crack tip opening displace-
ment at the physicalcrack tip [ D d k

t (§a j )] for each iterationcan also
be calculatedin Eq. (11). The equation is integratedfrom the CTOD
result for a pair of normal concentrated forces acting on the crack
surface as described in Ref. 10:

D d k
t (§a j ) =

4
E p

c j

¡ c j

pk
j ( n j ) cosh ¡ 1

c2
j ¡ a 0

j n j

c j j n j ¡ a 0
j j

d n j

j = M , S (11)

In which E denotes Young’s modulus. Furthermore, a 0
j is shown in

Eqs. (12) and (13):

a 0
M = §aM (12)

a 0
S = §aS ¡ ( q S1 ¡ q S2) /2 (13)

The solutions of Figs. 2b and 2c are reached by superposing their
own initial solution and successive solutions in every iteration. To
avoid the link-up singularitydif� culty in the proposed iterative cal-
culation, cracks are considered linked as inner plastic zones sepa-
rated by minute distances (e = L / 100)

Ligament Failure Scenario for MSD Thin Panels
The failure scenarios of MSD panels are simulated by the plas-

tic zones contact for adjacent cracks. Experimental observations7

indicate that the rupture of MSD panels may prevail either at the
leadingcrack tip or at the absorbedcrack tip. The CTOD at the main
crack tip is employed in this paper to distinguishthe direct ligament
rupture from the absorption failure in MSD cracking problems. It
is proposed that, in the instance of neighboring plastic zones link
up, the ligament failure will initiate from the leading crack tip if the
CTOD d t of the main crack tip exceeds the corresponding critical
CTOD value d c

t of this panel. It is proposed that the direct MSD
rupture prevails only as the CTOD d t at leading crack is over d c

t .
On the contrary, if the CTOD d t under the link-up stress is less than

Fig. 4 Flow chart of the determination of MSD absorption/rupture.

d c
t , a crack absorption of adjacent cracks may occur. The linked

cracks are considered to function as a single crack. It is then as-
sumed that the stability of this crack absorption is determined on
the d ¤

t at the absorbed crack tip. The crack absorption is unstable
as the d ¤

t at the absorbed crack tip is over d c
t . The � ow chart shown

in Fig. 4 illustrates the proposed scheme for MSD rupture and/or
absorption identi� cation. To show the availabilityof this identi� ca-
tion scheme, the ligament failure scenarios of the MSD tests7 are
evaluated.

Critical CTOD Values for 2024-T3 MSD Panels

The test results of P1, P2, and P3 shown in Fig. 1 are considered
central cracked panels. In the case of a specimen with limited sheet
thickness, one can express the apparent fracture toughness Kc of
this specimen in terms of geometric parameters and loading stress
in the form

Kc = b w r c

p
p a (14)

Here, b w is the geometric coef� cient10 for a center crack of length
2a, in a plate width of W , which is depicted in Eq. (15) wherein r c

denotes critical remote applied stress:

b w = sec( p a / W ) (15)

Kc for these 2024-T3 MSD panels is calculated to be 90 MPa
p

m,
which is averaged from results in the P1–P3 cases. On the other
hand, Hoysan and Sinclare11 take the apparent fracture toughness
of this material to be 110 MPa

p
m. In this paper, nevertheless,Kc is

assigned to be 100 MPa
p

m, which is consistentwith the same ma-
terialwith identical thicknessprovided in Ref. 4. The other mechan-
ical properties of the 2024-T3 Alclad sheet12 are Young’s modulus
E = 71,400MPa, yield strength r ys =344 MPa, and tensile strength
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Table 1 Failure scenarios of different MSD panels under their � rst link-up loads

Crack dimensions, mm Plastic zone sizes, mm CTOD, r ¤
1 , Experimental

Specimen aM L aS q M q S1 q S2 ( d t )A , mm MPa result

P4 76.2 31.8 6.3 25.3 6.5 4.6 0.407 170.9 F
P5 91.4 16.6 6.3 12.7 3.9 2.5 0.284 119.3 A
P6 96.5 11.4 6.3 8.5 2.9 1.8 0.246 90.3 A
P7 94.0 14.0 6.3 10.0 4.0 2.2 0.465 103.0 F
P8 101.6 8.9 3.8 6.9 2.0 1.2 0.215 81.4 A
P9 40.6 12.7 10.2 8.8 3.9 2.6 0.165 124.8 A
P10 40.6 16.5 6.4 12.2 4.3 3.0 0.239 156.1 F
P11 63.5 12.7 12.7 8.8 3.9 2.5 0.329 101.7 A
P12 38.1 38.1 12.7 26.5 11.6 9.0 0.386 211.0 F

Table 2 Failure scenarios of specimens P6, P8, P9, and P11 under their second link-up loads

Crack dimensions, mm Plastic zone sizes, mm CTOD, r ¤
1 , Experimental

Specimen aM L aS q M q S1 q S2 ( d t )A, mm MPa result

P6 120.7 25.4 6.3 20.0 5.4 3.6 0.478 128.7 F
P8 118.1 17.8 3.8 14.5 3.3 2.2 0.351 112.8 A/F
P9 73.7 30.5 10.2 22.7 7.8 5.6 0.421 161.7 F
P11 101.6 25.4 12.7 18.6 6.8 4.6 1.115 126.7 F

r ult =462 MPa. The associatedcriticalCTOD d c
t = 0.35 mm is eval-

uated from Eq. (16):

d c
t = K 2

c E r � ow (16)

where � ow strengthof 2024 Alclad is de� ned in the followingequa-
tion and is 403 MPa:

r � ow = ( r ys + r ult) / 2 (17)

Correlation of Test Results with Analysis

The MSD tests P4–P12 in Ref. 7 are analyzed with the strip
model and alternative iteration mentioned earlier. Swift’s6 link-up
criterion, as shown in Fig. 3, is employed to predict link-up loads
formultiple-cracked2024-T3aluminumthinpanels.Thus, solutions
for the appliedcoalescencestress and the unknownDugdale5 plastic
zones ahead of crack tips can be evaluated. Results are given in
Table 1 for the � rst link up of MSD. In the instance of the adjacent
plastic zone coalescence,the CTOD ( d t )A at the physicalmain crack
tip A shown in Fig. 3 may exceed the critical CTOD d c

t (0.35 mm),
that is, as presented in cases of P4, P7, and P12. In these cases, a
direct MSD rupture is initiated from the tip of the leading crack as
the load increases up to the link-up stress r ¤

1 . F is used in Fig. 1
and Table 1 to denote this type MSD failure in experiments.In these
tests, case P10 shows ( d t )A < d c

t at the leading crack tip but d ¤
t > d c

t
at the absorbed crack tip under the link-up load. As mentioned, an
unstable crack absorption can take place in such a case and a � nal
MSD rupture may occur following the crack absorption. A stable
crack absorption at the link-up load prevails for cases of P5, P6 ,
P8, P9, and P11. Values of ( d t )A and d ¤

t are both less than the critical
d c

t in these cases. A further load must be applied to introduce the
second link up or rupture.

Failure scenarios for the second link up are listed in Table 2,
whereas the empirical failure scenario corresponds to the predicted
results. In the second link up, an ambiguous stability is observed
for case of P8, which can be expected from the calculateddata. Nu-
merical results in the second plastic zones link up reveal that the
CTOD (d t )A is very close to the critical d c

t . Thus, observation dif� -
culty may prevail in such a testing con� guration. Link-up stresses
r ¤

1 for different MSD con� gurations have been computed in the
correspondingnumerical iterations and are listed in Tables 1 and 2.
In the evaluation of the link-up stress, the material � ow strength is
assumed to account for the strain hardening effect in experiments.

Figure 5 shows the comparison of estimated link-up stresses and
the measuredresults.The percentagedifferencebetweenpredictions

Fig. 5 Comparison of predicted and measured link-up stresses.

and measured link-up stresses is between ¡ 16.3 and 15.9%. The ab-
solute averagepercentageerror for all the estimated link-up stresses
is about 9%, which is within an acceptable experimental deviation.
The correlationbetween the measured and the calculatedMSD fail-
ure scenarios reveals that the proposed method can be employed to
analyze the MSD problems with good accuracy. It is believed that
the consideration of crack interaction with strip yield model is the
key reasonfor obtainingsuch good results.Results also indicate that
the CTOD at the leading crack tip or the absorbed crack tip can be
used to predict the possible MSD failure scenario successfully.

Conclusions
1) With Dugdale’s5 strip yield model and Swift’s6 link up crite-

rion, an alternating iteration method can be utilized to predict the
link-up phenomenon in MSD failure. The absolute averaged per-
centagedifferencebetween predictionsand measured link-up stress
is about 9%.

2) The value of CTOD at the link-up load can be used to examine
whether a stable crack absorption or a direct rupture may occur in
MSD cracking problems. Results from multiple cracked 2024-T3
thin panels indicate that a good correlation is reached between the
measured and the predicted MSD failure scenarios.
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3) Consideration of the interaction between cracks appears to
affect the accuracy of predictions for MSD link up.
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